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We show that, in discrete models of quantum gravity, emergent geometric space can be viewed as
the entanglement pattern in a mixed quantum state of the “universe”, characterized by a universal
topological network entanglement. As a concrete example we analyze the recently proposed model
in which geometry emerges due to the condensation of 4-cycles in random regular bipartite graphs,
driven by the combinatorial Ollivier-Ricci curvature. Using this model we show that the emergence of
geometric order decreases the entanglement entropy of random configurations. The lowest geometric
entanglement entropy is realized in four dimensions.
In recent years it has emerged that geometry and quan-
tum entanglement are intimately connected [1–3]. In a
nutshell, the basic idea is to consider classical space-time
as the entanglement in the quantum superposition of two
disconnected copies of quantum states. This idea can be
formalized via the AdS/CFT duality, since the machin-
ery of CFTs permits explicit calculations and leads to
expected results about black holes [4].
On the other side, one of us has recently proposed the
idea that space-time is an emergent property of an or-
dered phase of fundamental constituents that are just in-
formation bits [5]. Random bits are first assembled into
random graphs [6]. Quantum gravity is then defined non-
perturbatively by an ultraviolet (UV) quantum critical
point corresponding to the condensation of short graph
cycles and driven by the combinatorial version of Ricci
curvature derived by Ollivier [7]. In this quantum phase
transition random graphs turn into geometrical graphs [8]
and geometric space and the standard Einstein-Hilbert
action emerge in the continuum limit.
To test this idea a simplified “toy” model was pro-
posed [9], which consists in the restriction of the con-
figuration space to random regular bipartite graphs, for
which the Ollivier-Ricci curvature becomes analytically
tractable [10]. Monte Carlo simulations in this model
clearly indicate the presence of two regimes for strong
and weak gravity, corresponding to random regular bi-
partite graphs and geometric, locally Zd lattices, respec-
tively. Present data are, however not yet sufficient to
definitively conclude that the crossover region for finite
N develops into a second-order phase transition when
N → ∞, although this picture looks very suggestive.
Note also that the general idea is strongly supported by
first results for generic geometric graphs [11].
In this note we show that these two approaches are
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very closely related. The crucial idea we use to this end
is the realization that every classical graph, and thus all
discrete models of quantum gravity, can also be viewed
as the entanglement pattern in the quantum superposi-
tion of two disconnected quantum states [12], the very
mechanism originally proposed in the framework of the
AdS/CFT duality. Very interestingly, as in topologically
ordered states of matter [13], the von Neumann entan-
glement entropy contains a universal topological entan-
glement term [14] which characterizes the long distance
quantum order associated with the graph. This was
called the topological network entanglement in [12].
We use the simplified model in [9] to compute analyt-
ically the Renyi entanglement entropies and numerically
the topological network entanglement. The Renyi entan-
glement entropies characterize the geometric order of the
graphs via their dependence on the relative number of
cycles of a given length. The topological network entan-
glement is higher in the geometric regime of the graphs
than in their random phase. Its value in the geomet-
ric phase has a local maximum (corresponding to a local
minimum in entanglement entropy) in four dimensions.
In this model it thus appears that 4D geometry is char-
acterized by the lowest entanglement entropy.
The combinatorial quantum gravity model we consider
is defined by the partition function
Z =
∑
CS
exp (−SEH/~) ,
SEH = − 1
2g
Tr w4 , (1)
on a configuration space CS restricted to dilute random
regular bipartite graphs with adjacency matrices denoted
by w. Bipartite graphs have no odd cycles, the smallest,
”elementary” loops being thus 4-cycles, squares. By ”di-
lute” graphs we mean graphs in which two different ele-
mentary squares can share maximally one edge. This is
a loop-equivalent of a hard core requirement in a classi-
cal gas: the elementary constituents cannot overlap. We
2will also focus on even connectivities of the regular graphs
and denote these by k = 2d.
Random graphs are very different from simplicial com-
plexes, which are regular configurations that can always
be associated to a geometric realization. They are “small
worlds”, i.e. their diameter and average distances on the
graph scale logarithmically with the number N of ver-
tices (the volume) and they have locally a tree structure
with very sparse short cycles governed by a Poisson dis-
tribution [15] with mean (2d−1)l/l for cycles of length l.
Because of their random character, the standard Regge
formulation of discrete curvature [16] is no more appli-
cable, a purely combinatorial version of Ricci curvature
is needed. Recently, exactly such a combinatorial Ricci
curvature has been proposed by Ollivier [7]. The Ollivier
curvature is very intuitive but, in general not easy to
compute and work with. Fortunately, it becomes much
simpler for bipartite graphs [10]. In [9] it was shown that
SEH = −d
2
g
[∑
i
κ(i) +
6d− 3
d
N
]
, (2)
where κ(i) is the Ollivier combinatorial curvature scalar
associated with vertex i and
∑
i
κ(i) =
−4
d2
[
d(d− 1)
2
N −Ns
]
, (3)
with Ns ≤ d(d − 1)N/2 the total number of 4-cycles
(squares) on the graph. Thus, apart from an irrelevant
constant that we shall henceforth neglect, SEH is indeed
a combinatorial version of the Einstein-Hilbert action.
In [9] it was shown in Monte Carlo simulations for finite
N that there are two clearly identified regimes for large
~g and small ~g. Random graphs with logarithmic dis-
tance scaling for strong gravity (large ~g) are turned into
ordered geometric graphs locally homeomorphic to Zd
and with power-law distance scaling N1/d by the conden-
sation of squares when gravity becomes weak (small ~g).
In the continuum, ordered phase the action becomes the
standard Einstein-Hilbert term.The behaviour obtained
is strongly suggestive of a quantum phase transition
driven by the rescaled gravitational coupling ~g/N1−2/d
and with order parameter [2/(d(d− 1))]Ns/N , although
present data are not sufficient to definitively conclude
so. If confirmed, this quantum critical point would de-
fine gravity non-perturbatively.
In this model geometric space emerges from the or-
dering of random graphs. Every classical graph, however
can be viewed as the entanglement in the quantum super-
position of two disconnected quantum states [12]. Con-
sider two copies H1 and H2 of an N -dimensional Hilbert
space H ≃ CN with basis states |i〉 = (0, . . . , 1i, . . . , 0)
for i = 1, . . . , N . Out of these two copies let us build the
pure state
w =
1
||w||F
N∑
i,j=1
wij |i〉|j〉 , (4)
where w is the adjacency matrix of the graph and
||w||F =
√
Tr wTw its Frobenius norm (here we will con-
sider only symmetric adjacency matrices with vanishing
diagonal terms, corresponding to undirected graphs with
no loops). This state can be considered either as the
quantum state of two N -level systems or the quantum
state of two N -qubit states each constrained to the one-
excitation manifold. The important point is that the
information contained in the adjacency matrix of the
classical graph is equivalent to a particular entanglement
pattern for the quantum state (4). It is this beautiful
equivalence, first established in [12] that permits to in-
terpret emergent space, as encoded in the ordering of
random graphs, as a quantum entanglement pattern, an
approach also recently suggested in [17].
Let us suppose that one of the two quantum subsys-
tems is not observable, e.g. the one labeled by ”2”. The
reduced density matrix for the observable quantum sys-
tem ”1” is then given by
ρ ≡ ρ1 = Tr2 |w〉〈w| = w w
T
Tr wTw
. (5)
In the following we will focus on the quantum entangle-
ment properties related to the graphs of the model [9],
2d-regular bipartite graphs, as encoded in the von Neu-
mann entanglement entropy S = −Tr ρ log2ρ. Note that
these are insensitive to all re-labelings of the vertices and
depend thus only on the isomorphism class of the partic-
ular graph.
To compute the von Neumann entropy we consider first
the Renyi entropies
Sα =
1
1− α log2Trρ
α . (6)
from which the von Neumann entropy can be obtained
as limα→1 Sα. Using (5) we obtain
Sα =
log2Tr w
2α − α log2Tr w2
1− α . (7)
As for all other classical graphs considered [12], it turns
out that also in the present case all entanglement en-
tropies for integer α = k behave as
Sk = log2N − γk +O
(
1
n
)
, (8)
including the von Neumann entropy S, formally denoted
by k = 1 here. The first term simply reflects the
maximum number of available qubits, whereas the sec-
ond terms encodes universal properties of the particu-
lar graph class under consideration. Since they quantify
the deviation from maximal entanglement in the limit
N →∞ it is these terms that are universal characteriza-
tions of space in the IR limit of discrete quantum gravity
models.
Before proceeding to the limit defining the von Neu-
mann entropy, let us compute analytically the first cou-
ple of universal Reny entanglement terms for k = 2 and
3k = 3. To this end we use known generic formulas for
the number of short cycles [18] as adapted to 2d-regular
bipartite graphs,
Tr w4 = 8Ns + d
2N − 2dN ,
Tr w6 = 12Nh + (96d− 48)Ns − 44d3N + 18d2N + 4dN ,(9)
where Ns denotes the number of 4-cycles, squares and
Nh the number of 6-cycles, hexagons. This gives
γ2 = log2
(
2
d2
Ns
N
+
d− 2
4d
)
,
γ3 = log2
√
3
4d2
Nh
N
+
12d− 6
d2
Ns
N
− 22d
2 − 9d− 2
4d2
.(10)
These expressions show that γk for k ≥ 2 are geomet-
ric invariants of emergent space. They depend on the
relative number of short cycles and can thus be consid-
ered quantum order parameters distinguishing the ran-
dom phase with logarithmic distance scaling from the
geometric lattice-like phase with power-law distance scal-
ing.
The same is true for the universal term in the von
Neumann entropy. To obtain it we compute the limit
α → 1 of (7) and we subtract the leading term log2N .
To do so we first write α = 1 + ǫ/2 and we then express
w2α = w2(1 + ǫ lnw) , (11)
where we stress that the logarithm is a natural one.
Therefore
log2Tr w
2α = log2
(
Tr w2 + ǫ Tr w2lnw
)
= log2Tr w
2
(
1 + ǫ
Tr w2lnw
Tr w2
)
, (12)
Inserting this into (7) and taking the limit ǫ → 0 we
obtain the von Neumann entropy
S = log2Tr w
2 − 2
ln(2)
Tr w2lnw
Tr w2
. (13)
The trace of the square of the adjacency matrix is twice
the number of edges in the graph, 2dN for our 2d-regular
graphs with exactly dN edges. Remembering finally that
ln(x) = ln(2) log2(x) we obtain the final result
γ = γ1 =
Tr w2log2w
2
Tr w2
− log22d , (14)
which defines the topological network entanglement and
plays a similar role as the universal entanglement term
[14] of topologically ordered matter [13].
The topological network entanglement γ as a function
of the connectivity parameter d, which corresponds to
the space dimension in the geometric phase, is shown in
Fig. 1. This quantity has been computed numerically
as follows. First one identifies the adjacency matrix of
a geometric random lattice of connectivity 2d on a flat
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FIG. 1: The topological network entanglement γ as a func-
tion of the connectivity parameter d (k = 2d) which becomes
the space dimension in the geometric phase. We have not dis-
played the error bars for the results in the random phase since
they are about ten times smaller than their counterparts in
the geometric phase and would just smear the results.
d-dimensional torus by its equivalence with a circulant
graph [19]. The corresponding topological network en-
tanglement γ is then obtained by computing (14). Then
one chooses a large value of the quantum gravity coupling
g in (2) and one lets the initial geometric graph evolve ac-
cording to a Metropolis Monte-Carlo algorithm with (2)
as the energy determining the acceptance or rejection of
changes to the initial geometric adjacency matrix. Dur-
ing the evolution one can periodically measure the num-
ber of squares (4-cycles), which starts off by construction
from the maximum number Ns = d(d− 1)N/2 in the ge-
ometric phase. If the coupling g has been chosen large
enough, the number of squares will start to diminish un-
til it has reached the known expectation value (2d−1)l/l
(independent of N) of bipartite random regular graphs
[15]. At this point the evolved adjacency matrix corre-
sponds to a bipartite random regular graph and one can
compute the corresponding topological network entangle-
ment γ again by eq. (14). Repeating this process over
several realizations leads to Fig. 1.
As anticipated, the emergence of geometric order in-
creases the topological network entanglement, thereby
decreasing the overall entanglement entropy. This effect
is largest in four dimensions, where the entanglement en-
tropy of the geometric phase has a local minimum.
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